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c! ■ Abstract 

In this paper we prove the rationality of the vertex operator algebra for a 
rank one positive definite even lattice L whose generator has a prime half length. 

^ ■ 1 Introduction 

o 

CN ; Let L = Za be a rank one even lattice defined by (a, a) = 2k for a positive integer k. 

Then it is known that the lattice vertex operator algebra V L is rational (see |pi|| ). The 
vertex operator algebra V L has an automorphism induced from the — 1-isometry of L, and 
the fixed point set is a simple vertex operator algebra (cf. [pNfl ) , which is called the 



O 

o 

charge conjugation orbifold in the literature [pVVVfl and |[KT|| . In this paper we show 



that the vertex operator algebra is rational when k is a prime integer. 

The rationality of V£~ with k = 3 may help to study the construction of moonshine 
module. The moonshine vertex operator algebra has a vertex operator subalgebra 
isomorphic to the tensor product U = (V^)® 24 of V£ with k = 3 which has the same 
Virasoro element of ( ||Sh|| ). As proved in ||FHL|| , the tensor product V = ®™ =1 V % of 



rational vertex operator algebras V 1 is also rational and any irreducible K-modules are 
isomorphic to tensor products ®" =1 M ! of some irreducible V^-module W l . Therefore by 
the rationality of V£ with k = 3, one knows that is decomposed into a direct sum 
of irreducible [/-modules which are tensor products of 24 irreducible V^"-modules. The 
similar decompositions of as a direct sum of irreducible modules of the tensor product 
L(l/2,0)® 48 of the Virasoro vertex operator algebra L(l/2,0) are known (cf. ||DMZ| 



and [pGH|D , and these decompositions are used to compute the characters of elements 
of the Monster simple group (see |M4|| ). More precisely, Miyamoto | ]M2j ] constructed a 
vertex operator algebra Mp associated to an even linear binary code D in ZIJ for n£N, 
which is called a code vertex operator algebra. The vertex operator algebra Mb contains 
L(l/2,0)® n as a vertex operator subalgebra, and each irreducible components of M D as 



an L(l/2, 0)® n -module corresponds to a codeword of D. In [ M4|| , the moonshine vertex 



operator algebra is reconstructed as an induced module, which is introduced and studied 
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Ill 



DLi||, of some code vertex operator algebra, and the characters of 2 A, 2B and 3C 



elements of the Monster are calculated explicitly. On the other hand, in ||Sh|| the Mckay- 



Thompson series for AA elements of the Monster are calculated by using a decomposition 
of as a (V A L l ") (gl24 -module. Thus this decomposition may shed light on another aspects 
of the actions of the Monster on the moonshine vertex operator algebra. 

In [M3|, the structures of modules for code vertex operator algebras are studied in 



detail, and there the rationality and fusion rules of L(l/2,0) play an important role. 
The fusion rules for charge conjugation orbifolds V£ are completely determined in JSJ. 
Together with the rationality of with k = 3, we hope that the analogue of the repre- 
sentation theory for code vertex operator algebra can be developed for the vertex operator 
algebra V£ with k = 3. For example, as been studying by Lam and Shimakura ( ||LS|| ), 
the induced module construction from V£~ may be explained by means of the language of 
code. 

Let V be a vertex operator algebra. In |Z|, an associative algebra A(V) associated with 
V is introduced. Zhu's algebra A(V) has many information on modules for V, for example, 
there is a bijection between the set of equivalence classes of irreducible V^-modules and 
that of irreducible j4(V)-modules. Furthermore if V is rational, then Zhu's algebra A(V) 
is semisimple. 

Suppose that Zhu's algebra A(V) is semisimple. Then we can prove that any admissible 
^-module M has a generalized eigenspace decomposition for L(0) = u>(l), where uo is the 
Virasoro element of V (see Theorem |3.3|) . This follows from the fact that if A(V) is 
semisimple, then the lowest degree space of an admissible ^-module M is a direct sum of 
irreducible v4(V)-modules and then L(0) acts semisimply on the l^-submodule generated 
by the lowest degree space. Let V(V) be the set of lowest weights of all irreducible 
admissible ^-modules. Then we prove that for any admissible ^-module and any complex 
number A, the direct sum ® n6 z^' A+I1 ' of generalized eigenspace M < - A+n - ) of eigenvalue 
A + n {n G Z) is an admissible K-submodule of M. We also show that if [i G" 'PiY) + N 
then the generalized eigenspaces Afw is zero. These imply that M is a direct sum of 
admissible submodules of the form ©^L M^ A+n ^ for some A G V(V). Thus in order to 
prove that V is rational, it suffices to show that for any A G V(V) every admissible 
V^-module of the form ©^L M^ A+n ^ are completely reducible. If A G V(V) satisfies the 
condition (A + Z + ) n V(V) = 0, then it is not hard to see that any admissible modules 
M = ©^L M^ A+n ) are completely reducible. Hence if we show that for any A G V(V) not 
satisfying (A + Z + ) r\V(V) = 0, every admissible V-mo dule of the form M = ©£° =0 M( A+n ) 
is completely reducible, then we have the rationality of V. 

Since Zhu's algebra A(V^) is semisimple (see ||DN|| ), we can use the results explained 



in the previous paragraph to prove the rationality of the vertex operator algebra V£ . 
The classification of irreducible V^~-modules in [jDN] shows that the set of lowest weights 
for V£ is V(V£) = { 0, 1, r 2 /4k, 1/16, 9/16 }. Under the assumption that k is prime, all 
numbers 0, 1, 1/16,9/16 and r 2 /4k for 1 < r < k are distinct and that lowest weights A 
except satisfy the condition (A + Z + ) flP(V A L l ") = (see Lemma |4.3| ). Thus to show that 
V£ with a prime integer k is rational, it suffices to prove that every admissible V^-module 
of the form M = (Bn^M^ is completely reducible. We will prove that the submodules 
of M generated by and are completely reducible because we can easily see that 
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M is generated by M<°> and M {1 \ 

The organization of this paper is as follows: In Section 2.1 , we review definitions of 
modules for a vertex operator algebra, and recall some results related to Zhu's algebra 
in Section |2.2| . In Section |3], we prove that for a vertex operator algebra V whose Zhu's 
algebra is semisimple, every admissible module is a direct sum of generalized eigenspaces 
for L(0). The constructions of the vertex operator algebra V£ and its irreducible modules 
are explained in Section Ol and in Section |57^ we prove that the rationality of V£ with 
a prime integer k = (a,a)/2 by using results in Section [3[ 

Throughout the paper, N is the set of nonnegative integers and Z + is the set of positive 
integers. 



2 Preliminaries 



In Section 2.1, we recall the definition of modules over a vertex operator algebra, following 



FLM |, ||FHL|| . We also review the definition of Zhu's algebra and some related results in 



Section 2.2 



2.1 Modules for a Vertex Operator Algebra 



Let (V,Y, 1,oj) be a vertex operator algebra (cf. |[FLM|| and ||FHL| ) . We write Y(a, z) = 
Yln& a ^ n ) z ~ n ~ 1 f° r a e V- Then V has an eigenspace decomposition V = @ n &V{n) for 
L(0) = uj(1), where V(n) is the eigenspace of eigenvalue n for n G Z. A vector a in V(n) 
is called to be homogeneous of weight n. We denote the weight of a e V(n) by n = wt(a). 

Definition 2.1. A weak K-module is a pair (M,Y M ) of a vector space M and a linear 
map 

Y M :V - (EndM)^- 1 ]], 

a ^ y M (a 1 z) = ^fl(i)z"' 1 " 1 , (a(n)eEndM) 

such that the following conditions are satisfied for a,b € V and u G M: 
(1) 



Y M {a,z)v G M{{z)), 



(2.1) 



(2) (The Jacobi identity). 



\ ( ^^2 ^~\_ 

z o ls [ — Y M (a, zi)Y M (b, z 2 ) - z^S ( — ) Y M (b, z 2 )Y M {a, z\) 



z^5 



z 

lr / Z l — Z 



Z-2 



(3) 



Y M (Y(a,z )b, z 2 ), 



Y M (1, z) = id M . 



(2.2) 



M ■ 
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Set Ym(u, z) = Ylin&L{n)z n 2 . Then as proved in [ pLM2j| , one have the commuta- 
tion relations of the Virasoro algebra 



Yfi — 777 

[L(m), L(n)} = (to - n)L(m + n) H — — 5 m _ n c v id M , 

for to, n G Z, where cy is the central charge of V. We also have the L(— l)-derivative 
property 



Ym(L(— l)a, 2) = -^-Y(a,z), for all a eV. 



(2.3) 



A weak V-module (M, Yjy) is often denoted by M. A weak V -submodule of a weak module 
M is a subspace N of M such that a(n)N C iV hold for all a G V and fiGZ. 

By the Jacobi identity (|2.2|) , we have the following commutation relations for a, 6 G V 
and to, n G Z: 



a to 



00 » 

.&(»)] = E( 



m 



(a(k)b)(m + n — k) 



(2.4) 



Now we set a(n) = a(wt(a) + n — 1) for a homogeneous vector a G V" and n G Z, and 
extend it to every a G V by linearity. Set 

Q(M) = { u G M I a(n)w = for any a <EV and n G Z + }. 



By the commutation relation ( |2.4| ) , we see that Q(M) is preserved under the action of 
o(a) = a(0) for a G V. 

For a weak V-module M and u G M, we denote by (u) the weak submodule of M 
generated by u. Then the following lemma holds: 

Lemma 2.2. (jLj|) M be a weak V -module and u G M. Then 

(u) = span c {a(n)w | a G V and n G M }. 



Definition 2.3. ^4n admissible V-module M is a weak V -module equipped with an N- 
grading M = (B^ =0 M n such that the condition 

a(n)M m C M wt(a ) +m _ n _i (2.5) 

/ioWs /or any homogeneous vector a G V and m,n G Z, where M m = /or n < 0. 

For an admissible V-module M, we have the linear map d : M — ► M defined by 
^|m„ = widM„ (^ ^ N), which is called the degree operator of M. By ( |2.5|) , we have 
commutation relation 

[d,a(n)} = —na(n) (2-6) 
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for a G V and fiGZ. 

A ci-invariant weak K-submodule iV of an admissible ^-module M is called an admis- 
sible V -submodule of M. Then N is decomposed into a direct sum of eigenspaces for d as 
iV = © ng N^n, where N n = N fl M n for n G N. For an admissible ^-module M and its 
admissible F-submodule N, the quotient space M/N has a natural admissible K-module 
structure; the homogeneous space of degree n is given by 

(M/N) n = (M n + N)/N. (2.7) 

Now we recall the definition of the rationality of a vertex operator algebra. An ir- 
reducible admissible ^-module M is an admissible V^-module which has no admissible 
\^-submodule except and M. When M is a direct sum of irreducible admissible sub- 
modules, M is called to be completely reducible. 

Definition 2.4. A vertex operator algebra V is said to be rational if any admissible V- 
module is completely reducible. 



2.2 Zhu's Algebra A(V) 

In this subsection we review the definition of Zhu's algebra A(V) associated to a vertex 
operator algebra V and recall some related results in [0 and ||DLM2 



Let (V,Y,l,u) be a vertex operator algebra. For homogeneous vectors a G V and 
b G V, we define 

(1 + z) wt ^ 

aob = Res z K J Y(a,z)b. (2.8) 

Let 0(V) be the subspace of V spanned by all vectors a o b for homogeneous vectors 
a,b eV, and set A(V) = VfO(V). We denote the image of a G V in A(V) by [a]. For 
any homogeneous vector a & V and b G V, define 

(1 + z) wt ( a ) 
a*b = Res z F(a, z)b 

and extend it on V for a by linearity. The following theorem is due to and |DLM2|| : 

Theorem 2.5. (1) The operation * induces an associative algebra structure on A(V), 
and the image [u] is contained in the center of A(V). 

(2) For any admissible V -module M, the linear map V — ► Endfi(M) defined by a i— ► 
o(o)|n(Af) / or o G V induces an A(V) -module structure on Q(M). 

(3) The map M \— > Q(M) induces a bisection from the set of all equivalence classes of 
irreducible admissible V -modules to the set of all equivalence classes of irreducible A(V)- 
modules. 

(4) If A(V) is semisimple, then there are only finitely many inequivalent irreducible 
admissible V -modules. 
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It is known that for any irreducible admissible V^-module M, there exists a complex 
number A G C such that M is decomposed into a direct sum of L(0)-eigenspaces as 
M = ffi^L M(A + n), where M(A + n) is the L(0)-eigenspace of eigenvalue A + n (see 0, 
Lemma 1.2.1]). We call the complex number A a lowest weight of M. We denote by V(V) 
the set of lowest weights of all irreducible admissible V^-modules. 

Proposition 2.6. (1) For an admissible V -module M, if a subspace W of Q(M) is in- 
variant under the action of o(a) for any a G V then W is A(V)-submodule ofQ(M). 

(2) Let W be a completely reducible A(V)-module. Then every eigenvalues for [lo] on 
W are in V(V). 

Proof. The assertion (1) follows from Theorem |27| (2). We shall prove (2). Since W 
is completely reducible as an A (V) -module, it is decomposed into a direct sum of irre- 
ducible v4(V)-submodules. Since [u] is in the center of A(V), [u] acts on each irreducible 
component by a scalar. By Theorem |2.5| (3), any irreducible /L(V)-module is isomorphic 
to Q(M) for some irreducible admissible ^-module M. Since [a;] acts on Q(M) as £(0), 
we see that the eigenvalues for [w] on irreducible components of W are lowest weights. 
This proves (2). □ 



3 Generalized Eigenspaces Decompositions 
of Admissible ^/-Modules 

Let V be a vertex operator algebra. For a weak V^-module M, we denote the generalized 
eigenspace for L(0) with eigenvalue A G C by M^ x \ i.e., 

M (A) = { u G M | (L(0) - X) k u = for some k G N }. 

The purpose of this section is to show the following theorem: 

Theorem 3.1. Let V be a vertex operator algebra. Suppose that Zhu's algebra A(V) 
is semisimple. Then any admissible V -module M is decomposed into a direct sum of 
generalized eigenspaces for L(0) as follows: 

M = ©f =1 (© neN M^+")) 

for some Aj G V(V) (i = 1, 2, • ■ ■ , s). Moreover, for each X i; the subspace © ng NM( Al+rt ) is 
an admissible V-submodule of M. 

Till end of this section, we assume that Zhu's algebra A(V) is semisimple. 

Lemma 3.2. Let M be an admissible V -module. For A G C, the subspace ® n &zM^ x+n ^ 
is an admissible V-submodule of M . Therefore, N = (BxecM^ is also an admissible 
V-submodule of M. 



6 



Proof. Set W = ® n& M^ +n \ We have to prove that 

a(n)W C W for all a G V and n G Z (3.1) 

and that 

d(W) C W, (3.2) 



where d is the degree operator of M. First we prove (|3.1| ). For a G V and n G Z, we have 
a commutation relation 

[L(0),5(n)] = -no(Ti). (3.3) 

Hence for any u G M, 

(L(0) — A + n)a(n)u = L(0)d(n)u — (A — n)d(n)u 

= a(n)L(0)u — nd(n)u — (A — n)d(n)u 
= 6(n)(L(0) - A)w. 

This implies that if w G M^, then d(n)u G M^ - ™- 1 . Thus we see that d(n)u G for any 
it G VF. Next we show flT^ ). Let it G AfW, and choose fc G Z + so that (L(0) - A) fc u = 0. 
Since [d, L(0)] = by Q2.6|), we have 

(L(0) - A) fc rfw = d(L(0) - A) fc w = 0. 

Hence du G M^- 1 . This shows that W is invariant under the action of d. Thus we have 

"ID- □ 

Now we can prove the following proposition. 

Proposition 3.3. Let V be a vertex operator algebra, and suppose that Zhu's algebra 
A(V) is semisimple. Then any admissible V -module M is decomposed into a direct sum 
of generalized eigenspaces forL(0), i.e., M = © AeC M( A ). 



Proof. Set N = ® X ecM {x) . By Lemma gj, N is an admissible submodule of M. 



We need to prove that M/N = 0. Thus we show that (M/N) n = for any n G N by 
induction on n. First we prove (M/N) = 0. By Proposition [Z]6] (1), M is an -A(V)- 
submodule of Q(M). Since A(V) is semisimple, L(0) acts on M diagonally. Hence M is 
contained in N. This implies that (M/N)q = 0. Let n be a positive integer, and assume 
that (M/N) m = for any m < n. We prove (M/N) n = 0. By the induction hypothesis, 
we see that the subspace (M/N) n is contained in Q(M/N) and is invariant under the 
action of o(a) for any a G V '. Hence by Proposition |2]6| (2), (M/N) n is an A(V r )-module, 
and L(0) acts on (M/N) n diagonally. Therefore, it suffices to show that u G iV for any 
L(0)-eigenvector u + iV n M n G (M/N) n . 

Let u + fl M n be an L(0)-eigenvector with eigenvalue A. Then there exists v G N 
such that L(0)u = Xu+v. Since v G N, we can write t> = 5^i=i f« for some G M^ A ^. For 
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1 < i < d, choose k { E N so that (L(0) - Xi) ki Vi = 0, and set f(x) = IliLi.A^^ ~~ G 
C[x\. Then it is obvious that 

(L(0)-X) k f(L(0))v = (3.4) 
for some fceN. Thus it follows from (13.4!) that 



(L(0) - X) k+1 f(L(0))u = f(L(0))(L(0)-X) k+1 u 

= f(L(0))(L(0)-X) k v 
= 0. 

This implies that f(L(0))u E M< A > C N. On the other hand, we have f(L(0))u-f(X)u E 
N because L(0)u — Xu = v E N and N is L(0)-invariant. Since /(A) is nonzero, we see 
that u E N. This implies (M/N) n = 0. □ 

Let M be an admissible ^/-module. Then by Lemma [3.2| , for A E C, the subspace 
(B n &M^ x+n ^ is an admissible V^-submodule of M. We next prove that there is an integer 
m ETL such that M^ x+n ^ = for all integer n < m, more precisely we have: 

Proposition 3.4. Let M be an admissible V -module. If X E C — (V(V) + N), then 
MW = 0. 

Proof. Set P' = V(V) + N. For A E C, we have a direct sum decomposition = 
®^° =0 M( A ) n M n , since Af W is d-invariant. Set M^ A) = AfW n M n . By using induction on 
n, we prove that M„ = for any A E C — P' and n E N. First we show that = 
for any A E C - P'. By Proposition |J (1), M^ x) is an A(V)-submodule of Q(M) for 
any A G C. The semisimplicity of A(V) implies that L(0) acts on Mq by the scalar A. 
Thus by Proposition [2l] (2), we see that Mq is zero if A E C — P'. Let n E Z + , and 
assume that M,^ = for all A G C — P' and n < n . Then we show that MiJ' = for 
any A G C - P' . By and (§3), we have 



a(m)M£) C Mi A :^ (3.5) 

for a 6 7, m 6 Z and A G C. If A G C — P' then A — m G C — P' for any m > 1. Hence by 
induction hypothesis, we see that d(m)Mn X ^ = for m > 1 and A G C — P'. This implies 
that m£ } C fl(M). By fl3j), the space M,i A is invariant under the action of o(a) for all 
a E V. Thus by Proposition ^]6| (1), M$ is an A(V)-submodule of Sl(M). By the same 
reason as in the case n = 0, we have Mn A = for any A G C — P'. This completes the 
proof. □ 

Let us prove Theorem |3.1| . 



proof of Theorem \3. 1\ . By Proposition [3.3| and Proposition |3.4| , we see that any admissible 
V^-module M is decomposed as follows: 

M = © Ae/ (©n6NM( A+ ")), 
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where / is an subset of V(V). Since V(V) is a finite set by Theorem pT5| , the subset / is 
also finite. If we set / = {Ai, . . . , A s }, then we have the decomposition 



By Lemma [372] and Proposition |3T4] , we see that © neN M ( Ai+n ) is admissible V^-submodule 



of M for each A,. This completes the proof. □ 

Let V be a vertex operator algebra V whose Zhu's algebra is semisimple. By Theorem 
371], we see that if any admissible V^-module of the form M = © ne nM' A+1! ' is completely 



reducible for any A G V(V), then V is rational. Now we prove the following proposition. 

Proposition 3.5. If A G V(V) satisfies a condition (A + Z+) fl V(V) = 0, i/ien any 
admissible V -module of the form M = © ne ^A<f ( - A+rt * ) is completely reducible. 

To show this proposition, we first prove the following lemma. 

Lemma 3.6. Let A and M be as in Proposition |TJ. If = 0, then M = 0. 

Proof. Assume that M ^ 0. Then we can easily see that Q(M) is nonzero. By 
Proposition O (2) and the assumption that (X + Z + )nV{V) = 0, we have fi(M) = M^. 
Therefore, is nonzero. □ 



As a corollary of Lemma |3]6|, we have: 



Corollary 3.7. Let A and M be as in Proposition \3. 4 T/ien t/ie following hold: 

(1) Let N be an admissible submodule of M. If N contains M^ x \ then N = M. 

(2) M is irreducible as an admissible V -module if and only if is irreducible as 
an A(V) -module. 

Proof. It is clear that if AfW C N, then = AfW. Thus the quotient module M/N 
is zero by Lemma |3.6| . This proves (1). Next we prove (2). As in the proof of Lemma |3.6| , 
we sec that ft(M) = MW. Thus by Theorem |TJ (3) if M is an irreducible V^-module, 
then is irreducible as an A(V)-module. Conversely, assume that is irreducible 
as an A(V)-module. Let N be a nonzero admissible submodule of M. By Lemma |3.6| , 
is nonzero. Hence is a nonzero A(V)-submodule of M^ x \ Therefore, by the 
irreducibility of M {x \ = M {x \ Then (1) implies that N = M. □ 



By using Corollary |377], we prove Proposition |3A5| . 
Proof of Proposition \3. 3j . Since is an A(V)-module, it is a direct sum of irreducible 
y4(V)-modules as 

M (A) = ® ieI W u 

where I is an index set and Wi is an irreducible component of M^ x \ Let Ui G W l be a 
nonzero element, and set N l = (wA. By Lemma |2.2| , it is clear that 

(ATi)(A+n) = spanc | & (_ n ) u . | fl e V } 
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for all n G N. In particular, we see that (N 1 )^ is a nonzero y4(V)-submodule of W l . 
Hence (N*)W = W\ Thus it follows from Corollary |577| (2) that N* is irreducible. Put 
A" = ^2 ieI N l . Then A" is completely reducible as an admissible V^-module. Since A" 
contains M^ x \ Corollary |3.7| (1) shows that A" = M. Thus M is completely reducible. □ 



By Theorem |3.1| and Proposition |3.5|, we have: 



Corollary 3.8. Let V be a vertex operator algebra. Suppose that Zhu's algebra A(V) is 
semisimple. If (A + Z+) fl V(V) = for any A G V(V), then V is rational. 

We shall give a remark on similar results for admissible twisted modules. 



Let V be a vertex operator algebra, and let g be an automorphism of V. In flDLM2| , 
Dong, Li and Mason introduced an associative algebra A g (V), which is a generalization 
of Zhu's algebra A(V). It is known that all statements in Theorem [2.5| hold for A g (V) 



and admissible (/-twisted ^/-modules, instead of A(V) and admissible ^-modules. Since 



in the proofs of Theorem |3.1| and Proposition |3.5| we use only Theorem |27J| and results 



which follow from Theorem 2.5, we see that the similar statements in Theorem 3.1 and 



Proposition hold for any g-twisted V-modules: 

Theorem 3.9. Let V be a vertex operator algebra, and let g be an automorphism of 
order T. Suppose that the associative algebra A g (V) is semisimple. Then any admissible 
g-twisted V -module M is decomposed into a direct sum of generalized eigenspaces for 1/(0) 
as follows: 

M = ® S i=1 {®nmM {M+nlT) ) 

for some A» G V g (V) (i = 1,2, ••• ,s), where V g (V) is the set of the lowest weights 
of all irreducible admissible g-twisted V -modules. Moreover, for each Aj the subspace 
©„ e mM' Ai+n / T ' is an admissible g-twisted submodule of M. 



Proposition 3.10. Let V , g and T be as in Theorem \3. If A G V g (V) satisfies a 
condition (A + (1/T)Z+) fl V g (V) = 0, then any admissible g-twisted V -module of the 
form M = © ne MM^ +n / T ' is completely reducible. 



Therefore, as a corollary of Proposition 3.10 we have: 



Corollary 3.11. Let V, g andT be as in Theorem \3. % If the condition (A + (1/T)Z + ) fl 
VgiV) = holds for any A G V g (V), then V is g-rational. 

4 Main Results 

In this section we prove that the vertex operator algebra for a rank one even lattice 



L = Zct is rational if k = (a,a)/2 is a prime integer. In Section [4.1| , we recall the 



construction of the vertex operator algebra V£ and its irreducible modules. In Section 



472] , we show the rationality of V£ for a prime integer k by using the results in the previous 



section. 
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4.1 The Vertex Operator Algebra V£ 

Let L = Za be a rank one even lattice with a Z-bilinear form (• , • ) defined by (a, a) = 2k 
for a positive integer k. Set fj = C ®% L and extend the form (• , • ) to a C-bilinear form 
on f). Let L° be the dual lattice of L, and let C[L°] = © A g l° be the group algebra of 
L°. For a subset M of L°, we set C[M] = © AeM Ce A . 

Let t) = f) © C[£, © Cif be a Lie algebra with the commutation relations given by 

[X®t m ,X'®t n ] = m6 m+nfi (X,X')K and [K,tj] = 0, (X,X' G t),m,n G Z). 

Then f) + = f) © C[i] © Of is a subalgebra of f), and the group algebra C[L°] becomes a 
f) + -module by the actions 

(X © t n ).e x = 5 nfi (X, A)e A and K.e x = e A (A G L°, X G fj, n G N). 

For a subset M of L° and /x G L°, we set 

Vm = £/({)) ©c/^) C[M] and M(l,/3) = U{$) ® u{¥) Ce p , 

where U(g) denotes the universal enveloping algebra of a Lie algebra q. Let ix be the 
representation of f) on Vj, Q , and X(n) = n(X © t n ) (I G f),n G Z), We set 1 = 1 © e 
and = (l/2)h(— l) 2 eo, where ft, is a vector of () with (h, h) = 1. Then it is known that 
there exists a linear map Y :V L ^> Vl° [[z, z' 1 }} such that (V L , Y, 1, w) has a simple vertex 
operator algebra structure, and (Vx+l, Y) becomes an irreducible V^-module for A G L° 
FLM|| ). We remark that (M(1,0), Y, is an vertex operator subalgebra of V L . 



sec 



We write M(l) = M(1,0) for simplicity. The vertex operator Y(ep,z) for /? G L on Vz,o 
is given by 

Y(e„ z) = exp (fj exp g e^, (4.1) 

where e@ in the right-hand side means the left multiplication of e@ on the group algebra 
C[L°], and z 13 ^ is an operator on V L o defined by z x ^u = z^'^u for /j G L° and u G 
M(l,/i). The operator L(0) = oj\ is given by 



L(0) = l/»(0) a +X;M-n)Mn)- 



It is known that V L is a rational vertex operator algebra and every irreducible V^-module 
is isomorphic to V\+l for some A G L° (see | p2|| ). 
Let 9 be a linear isomorphism of Vj,° defined by 

9(X 1 (-n 1 )X 2 (-n 2 ) • • -^(-ni) © e A ) = (-1)* X 1 (-n 1 )X 2 (-n 2 ) • • -X € (-n*) © e„ A 

for Xi G f),n G Z + and A G L°. Then 9 induces an automorphism of V L of order 2. 
For a ^-invariant subspace of Vl°, we denote by W ± the (±l)-eigenspaces of for 9. 
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Then (V^,Y, l,u) is a simple vertex operator algebra, and Vj^, ^/ 2 +l anc ^ K-«/2fc+L for 
1 < r < k — 1 become irreducible V^-modules (see |pN|| ). 

Another irreducible V^-modules come from ^-twisted V^-modules. We briefly review 
the constructions of ^-twisted V^-modules (see |FLM] and |p2|| for more detailed con- 
struction). Let fj[-l] = fj © t l l 2 C[t,t- 1 } © CK be a Lie algebra with the commutation 
relation given by 

[X <g> t m , X' ® t n ] =mS m+nfi (X, X') K and [#,J}[-1]] = (X, X' G t),m,n G ^ + 

Then f)[-l] + = f) © t 1/2 C[t] © CK is a subalgebra of fj[-l]. Let T x and T 2 be irreducible 
C[L]-modules on which e a acts as 1 and —1 respectively We define the action of f)[— 1] + 
on Tj by the actions 



(X © t l,2+n ).u = and K.u = u (X G^hGN^G T t ). 



Set 



t, 



tf(6[-l])®tf<6[-i]+) r < (< = 1,2), 



then V^' has the irreducible ^-twisted V^-module structure. 

Now we define the action of the automorphism 9 on (i = 1, 2) by 

0(*i(-ni) • ■ ■ */(-n*)«) = (-lyXti-m) ■ ■ ■ X t (-n t )u, 

rp I rp 

for Xi G f), rij G 1/2 + N and u G T», and set Vj/' the ±l-eigenspaces of V L ' for 6. Then 



1, 2) become irreducible V^~-modules (see ||DN 



All irreducible V^-modules are completely classified in [DJN]. Their result is as follows: 
Theorem 4.1. The set 



{v?,v± /2+L ,v^, 



V ra /2k+L |i = l,2, l<r<fe — 1} 



(4.2) 



is the complete list of all inequivalent irreducible admissible -modules. 



The following result is also found in [ L)JN[| ; 

Proposition 4.2. Zhu's algebra A(V^) is semisimple. 

It is known that is rational when k = 1,2. In fact, if k = 1, then V^ 1- is isomorphic 
to the lattice vertex operator algebra V^/, where L' = Z/3 is an even lattice with (/?, f3) — 8 
(see |PG|| ). If = 2, then V£ is isomorphic to the vertex operator algebra L(l/2,0) © 
L(l/2,0), where L(l/2, 0) is the minimal vertex operator algebra of central charge 1/2 
(see PUH| ). 
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4.2 Proof of the rationality of V£ for a prime integer k 

First we consider the set of lowest weights of V£ ■ By the construction of irreducible 
V^-modules, we have the following table. 





v L 


V Xr+L (1 < r < k - 1) 


V ± 

V a/2+L 









1 


r 2 /Ak 


k/4 


1/16 


9/16 



Table 1. The lowest weights of irreducible V^~-modules. 



Hence we have 

V{V+) = {0,1, r 2 /4fc, 1/16, 9/16 | 1 < r < k }. (4.3) 

Now we shall apply the results in Section ^| to the case that V = V£ ■ Since 0, 1 G V(V^), 
we can not use Theorem p.8| to prove the rationality of V£ ' ■ But in the case k = (a, «)/2 
is a prime integer, we have the following lemma: 

Lemma 4.3. Suppose that k is a prime integer. Then the lowest weights 0, 1, 1/16,9/16 
and r 2 /4k for 1 < r < k are all distinct. Furthermore, for any A G V{V^) — {0}, we have 

(A + z + )n?(y+) = 0. 

Proof. We have to prove that r 2 /4k, r 2 /4k — l/16,r 2 /4k — 9/16 ^ Z for 1 < r < A; 
and that (r 2 — s 2 )/4k ^ Z for any 1 < r 7^ s < k. We first show that r 2 /4k is not integer 
for 1 < r < k. If r 2 /4k is an integer, then A;|r because /c is prime. So r = k and then 
r 2 /4k = k/4 is an integer. This is contradiction. Next we assume that r 2 /4k — 1/16 is 
an integer. Then 4r 2 — k = (mod 16). Hence k = (mod 4). This is contradiction. 
We can also prove that r 2 /4k — 9/16 is not integer in the same way. Finally we show 
that (r 2 — s 2 )/4k is not in Z if r 7^ s. Assume that (r 2 — s 2 )/4k is an integer for some 
1 < r < s < k. Then k\(r + s) since k is prime and 1 < s — r < k — 1. Furthermore since 
3 < r + s < 2A; - 1, we have r + s = k and A; > 3. Hence (r 2 - s 2 )/4A; = (2s - k)/4. It 
contradicts with the fact that k is an odd prime integer. □ 



Thus we see that if k is prime then any nonzero lowest weights for V7~ satisfies the 



condition in Proposition 3.5. Therefore, we have: 



Proposition 4.4. // k is prime and A G V{V^) is nonzero, then any admissible V^- 
module of the form M = ©^ =0 M( A+ri ) is completely reducible. In particular, if is 
irreducible as an A(V^) -module, then M is irreducible as an admissible V£ -module. 

Remark. If k is not prime, then there exist integers r, s with < r < s < k such 
that r 2 /4k — s 2 /4k G Z. In fact, when k is not prime, k can be written as k = pqn for 
two positive prime integers p,q (q < p) and n G Z + . Then we see that < np — nq < 
np + nq < npq = k, and that (np + nq) 2 /4k — (np — nq) 2 /4k = n G Z. 



Here and further we suppose that k is prime. By Proposition \i.4\ and Theorem 
3.1 , to show that is rational, it suffices to prove that every admissible V^-module M 
of the form M = ©^"IqM^ is completely reducible. 
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Let W be the admissible F-submodule generated by M^> and U the admissible V- 
submodule generated by AfW . Since the sum W + U contains © , the quotient 
module M/(W + U) is decomposed as M/(W + U) = ©£° =2 (M/(H/ + U))^ . Thus by 
Lemma |3^6| and Lemma |4~3| , we see that M/(W + U) = 0, that is, M — W + U. Therefore, 
to prove that M is completely reducible, it is enough to show that U and W are completely 
reducible. 

We first show that the admissible V^-sub module W is a direct sum of copies of V£ ■ 
To prove this we need the following proposition: 

Proposition 4.5. For any admissible V£ -module of the form M = (B^qM^, we have 
L(-1)M<® =0. 

Proof. Let u G M^°\ and suppose that L(—l)u ^ 0. We see that for any homogeneous 
vector a G V£ with positive weight, o(a)u = since is a direct sum of copies of 

the irreducible A(V z ^)-module Q{y^) = CI. Hence we have (L( — l)a)(n)u = for any 
a G and n > 0. This shows that for a G and n > 0, 

a(n + l)L(-l)u = L(-l)a(n+ l)u - (L(-l)a)(n)u 
= 0. 

Thus L(-l)u G ft(Af) n AfW. We note that the subspace ft(Af) n AfW is an A(V£)- 
module on which L(0) acts by the scalar 1. By Table 1 and Lemma |4.3| , the subspace 
fi(M)flMW is a direct sum of copies of the irreducible A(V£ t ")-module Q(V£~) = Ca(— 1)1. 
This implies that CL(— l)u = Ca(— 1)1 as A (V^ - ) -modules. Set N = (L(—l)u). Then we 
see that N is an admissible V-submodule of M such that = and = CL(—l)u. 



Hence by Proposition 4.4, N is an irreducible VT-module isomorphic to V L . Put 



E = e a + e_ Q G V£ and F = e a - e_ Q G Vj~. (4.4) 

By direct calculations, we have _E(0)a(— 1)1 = —2kF and E(n)a(— 1)1 = for all n > 1. 
Hence we see that 

E(0)L(-l)u ^ and E(n)L(-l)u = for all n > 1. (4.5) 

Since [L(— 1), £'(n)]-u = —nE(n — l)u for any n G Z, L(—l)E(n)u = —nE(n — l)u for 
ra > 1. Thus £7(jfe - l)w = implies that E(0)u = 0. Then E(0)L(-l)u = L(-l)E(0)u = 
0. This contradicts with (14.51). Therefore we conclude that L(—l)u = 0. □ 



Let u be a nonzero vector in M<°>. Then (u) is an admissible V^-submodule of 
M such that (u)^ = Cu. Now we show that (u)^ 1 ' = 0. Since (u)^ is spanned by 
vectors of the form a(wt(a) — 2)u for homogeneous vectors a G Vjf, it is enough to 
prove that a(wt(a) — 2)u = for any homogeneous vector a G V£ . We may assume 



that wt(a) 1 because (V£~)i = unless k — 1. Then by Proposition |4.5| we have 
a(wt(a) — 2)u = — (wt(a) — 1) _1 [L(— 1), o(a)]w = 0. Thus (m)^ 1 ^ = 0. Therefore we have 
(u) = Cu © (©^ =2 (w) (n) ). Let N be a nonzero admissible V^-submodule of (u). By 
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Proposition [T6] (2) and Lemma [4.3| , we see that 7^ 0. This implies that iV = (u). 
Hence (u) is an irreducible V^-module, and is isomorphic to V£ by Table 1. Hence we 
have the following proposition: 

Proposition 4.6. The admissible ' -submodule W is a sum of irreducible submodules 
isomorphic to ■ Thus W is completely reducible. In particular, is zero. 

Next we show that the admissible V^-submodule U, which is the admissible V£- 
submodule of M generated by M^, is a sum of copies of the irreducible V^-module 
V£~. To prove this we have to show the following proposition. 

Proposition 4.7. For any admissible -module of the form M = ®^ =0 M( n \ we have 
L(1)M« = 0. 



Before giving the proof of Proposition [4.7| , we prove some lemmas. 

Lemma 4.8. (1) If a & M(1,0) + is homogeneous, then 

Y{E,z)a £ z-^ a \V+)[[z}}. 

(2) For any homogeneous vector a £ V£ with wt(a) < k, we have E(2k — 2) a = 0. 

Proof. First we show the assertion (1). Let a be a homogeneous vector in M(l). Then 
we have 

Y(e a , z)a = exp ( ^-^-z n ) exp ( - — \a®e a . (4.6) 



n \ *■ — ' n 

,n=l / \ n=l 



Now set 




n=0 



a)z- n . 



Then p n (a)a<S>e a £ M(l,a)forn > 0. Since the weight of p n (a)a®e a is wt(a)— n+wt(e 
we see that if n > wt(a), then p n (a)a <S> e a = 0. Thus we have 



exp 



J2 ^- z ~ n ) a ® e a £ z-^ a \V L )[z] 



n 

n=l 



hence Y(e a , z)a £ z~ wt ^(V L )[[z]]. By the same way, we have Y(e- a , z) a £ z' wt ^ (V L )[[z}}. 
Therefore if a £ M(l) + is homogeneous, then Y(E,z)a £ 2~ wt ^(Vk~)[[,z]]. This proves 
(1). Next we show the assertion (2). It is clear that for a homogeneous vector a £ V£ , if 
wt(a) < k, then a £ M(l) + . Hence by (1), E(n)a = for n > wt(a). In particular, we 
see that E(k - l)a = 0. □ 



Lemma 4.9. For any v £ W^ k ^, E(2k — 2)v = 0. 
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Proof. By Proposition [Oj], W is a direct sum of copies of the irreducible V^-module 



V£. Thus W {k ~ l) is a direct sum of {V£) k „ x . Hence by Lemma |J (2), £(2£; - 2)u = 
for any it G VF^ -1 ). □ 

Proof of Proposition \j. % Consider the quotient module M/W. Since M^ ' = W^°\ 
we have M/W = ®^ =1 (M /W)^ . Hence by Proposition (O], M/W is completely re- 
ducible and is a direct sum of copies of the irreducible V^-module V£ . Since 
vanishes, is embedded in M/W. So a nonzero u G generates an irreducible V^- 
submodule of M/W isomorphic to V£ such that Cm = Ca(— 1)1 as ^(V^-modules. Since 
£(0)a(-l)l = -2kF and E(2k - 2)F = -2a(-l)l, we have £(2£; - 2)£(0)a(-l)l = 
4fca(-l)l. We have also £7(l)or(-l)l = 0. These imply that E(2k - 2)E(0)u = Aku and 
E(l)u G W. Therefore we have 

AkL(l)u = L(l)E(2k-2)E(0)u 
= E(2k - 2)L(l)E(0)u 

= E(2k-2)(E(0)L(l)u + 2(k-l)E(l)u). (4.7) 

Then the fact that E(0)L(l)u, E(l)u G W {k ~ 1] and Lemma [19] prove that the right hand 
side in (fTD is zero. Hence L(l)u = 0. □ 

Now suppose that u G M^\ Let a G be a quasi-primary vector, i.e., a homo- 
geneous vector which satisfies L(l)a = 0. It is clear that a(n)u = for n > 2. By the 
commutation relation (|2.4j) and (|2.3| ) we have [L(l),o(a)]w = (wt(a) — l)a(l)u. Thus 
Proposition p~6| shows that (wt(a) — l)a(l)w = 0. Since (V^)i = 0, we see that a(l)u = 0. 
Hence a{n)u = for any quasi-primary vector a G and n G Z + . By L(— l)-derivative 
property (|2.3|), we have 

(L(-l) m a)(n + l)u = (-l) m m!( Ja(n + l)u = 

for m, n G N. On the other hand, since {V^)i = 0, we see that V£~ is spanned by vectors 
of the form L(—l) m a for m G N and quasi-primary vectors a G V^" . Thus we see that 
a(n)u = for any a G and n G Z + . This implies that u G fi(M). Therefore, we have 
M« C Q(M). By Lemma O, we have = 0. Therefore it follows from Proposition 



that U is completely reducible. Furthermore by Lemma 4.3 and Table l, we have: 



Proposition 4.10. The admissible V-submodule U is a direct sum of copies of the irre- 
ducible -module V£~ . 

Consequently, by Proposition [4.6| and Proposition CTDL we see that M = W + U is 



completely reducible. Thus we have: 

Proposition 4.11. Any admissible -module M = ©^L M^ n ^ is completely reducible. 
The following theorem follows from Proposition |4.4j , Proposition [4.11| and Theorem 



3.1: 
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Theorem 4.12. If k — (a,a)/2 is a prime integer, then the vertex operator algebra V£ 
is rational. 
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